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ABSTRACT 
Let GF(q) be the finite field of order q, let Q(X) be an irreducible polynomial in 
CF(qf)[z], and let H(x)=h(T)(x) b e a linear polynomial in GF(q)[x]. We give the 
degrees of the irreducible factors of Q( H(x)) in GF( qi)[x], and the number of 
irreducible factors of each degree. We consider the special cases when H(x) is a trace 
function, and when h(x) is cyclotomic. Finally, we give several examples. 
1. INTRODUCTION 
Let GF( q) denote the finite field of order q = p k, where p is an arbitrary 
prime and k > 1. Let Q(r) denote an irreducible polynomial of degree n over 
GF(q). For convenience Q(X) is assumed manic throughout the paper. 
In a recent paper [S], the authors have generalized some results on the 
factorization of Q (x Q’ - x) over GF(q) given by Long [3] to the factorization 
of Q(h(T)(x)), where h(T)( ) x is a linear polynomial over GF(q), i.e., 
h(T)(x) = i a@’ 
i=O 
[a, E GF(q)I, (1.1) 
and T: x+x9. In Sec. 3 of this paper we extend the results of [S] to give a 
more detailed description of the degrees of the irreducible factors of 
Q(W’N4). 
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In Sec. 4 we generalize slightly the work of [5] and Sec. 3 of the present 
paper to describe the factorization of Q(h( T)(r)), where Q(x) is irreducible 
over GF(q’), 1 an arbitrary positive integer, and h(x) E GF(q)[x]. We note 
that any further generalization allows h(T)(x) to be a general linear trans- 
formation of GF(9”) over GF(9), where n Z 1. If n > 1, the methods of Sec. 3 
are not applicable, and we cannot expect to describe the character of the 
factorization of Q( h( T)(x)) explicitly. In Sec. 5 we illustrate the use of the 
methods of Sec. 4 by describing the factorization of Q(xP’- x) for r an 
arbitrary positive integer. These results have already been obtained by Long 
[4] using a different method. 
In Sec. 6 we apply the results of Sec. 3 to obtain the degrees and numbers 
of the irreducible factors of Q( F,( T)( x)), where F,(x) is the rth cyclotomic 
polynomial. In Sec. 7 we discuss the factorization of Q( h (T)(x)), where h(T) 
is the trace function of GF(9’) over GF(9), i.e., h(x) = x’-l+ xrV2+ . . . + 1 
for r an arbitrary positive integer. The degrees of the factors are easily 
predicted, but explicit formulas for the number of factors of each degree are 
obtained only for a few special cases. 
In a future paper we plan to discuss the factorization of Q( h( T)(x)) in 
terms of the irreducible factors of h(x). In particular we shall consider the 
case h(x) = k”(x), s an arbitrary positive integer, where k(x) is either an 
irreducible or a cyclotomic polynomial. 
2. PRELIMINARY CONCEPTS AND THEOREMS 
Most of these results are found in [2], [6], and [7]. 
DEFINITION 2.1. If o is contained in GF(9 “) but is not contained in 
GF(q’), 1 < t < n, then n is called the o!egree of (Y relative to GF(9). 
When the underlying field is clear from the context, we use the notation 
dega = n. Note that if degcr = n relative to GF(9 I), then dego = ni relative 
to GF(q). 
THEOREM 2.1. The number N(n,q) of elements of GF(q”) having degree 
n relative to GF(q) is given by 
N(n,q)= E p(i)qi, 
ii= n 
where p is the Miibius function. 
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THEOREM 2.2. Q(x) is an irreducible polynomial of degree n over GF(q) 
if and only if 
n-l 
and degcr = n. 
DEFINITION 2.2. A polynomial of the form 
F(x)= 5 a,xq’ 
i=O 
is called a linear polynomial over GF(q) [6]. 
THEOREM 2.3. For every polynomial f(x) E GF(q)[x] of degree n, there 
exists a unique manic linear polynomial of least degree, say H(x) E GF(q)[x], 
such that f(x)lH(x). 
DEFINITION 2.3. Under the conditions of Theorem 2.3 we say that f(x) 
belongs to H(x). 
We shall consider the finite field GF(q”) as an n-dimensional vector 
space over GF(q). The map T:x-+xQ is then a linear transformation of 
GF(q”). It is shown in [7] that the minimum and characteristic polynomials 
of T are both equal to xn - 1. 
Let f(x)=a,+a,x+--- +a+‘, r<n, be in GF(q)[x]. Then f(T) is a 
linear transformation of GF(q”) which is represented by the linear poly- 
nomial 
f(T)(x)=aOx+a,rq+~~- +a,#‘. 
It is clear that the set of roots off(T)(x) in GF( q “) is precisely the kernel of 
f(T), which we denote as usual by kerf (T). 
3. THE DEGREES OF THE ROOTS OF Q( h ( T) (x)) 
Let Q(r) be irreducible of degree n over GF(q), let h(x) E GF(q)[x] with 
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h(O)#O, and let T:x+x~. In this section we shall determine integers M and 
N satisfying: 
(4 Every root of Q( h ( T)(x)) has degree divisible 
by M. 
(ii) Q(h( T)(x)) has a root of degree &f. 
(iii) Q (h ( T)(x)) factors into linear factors in 
GF( q “) and in no smaller field. 
As usual, we take u to be a root of Q(X), so that 
(3.1) 
n-1 
and 
n-1 
Q(W)(x)) = fl (h(T)(x) - aq’). 
i=O 
We need only determine the roots of h(T)(x) - a, since the remaining roots 
are conjugates of these. 
Since h(0) #O, there exists a least integer r [r is called the exponent of 
h(x)] such that for some polynomial z(x) E GF(q)[x], 
h(x)+) = x’- 1. 
For convenience, we state first a preliminary result. 
(3.2) 
THEOREM 3.1. Let dega = n relative to GF(q), let h(x) E GF(q)[r] with 
exponent r, and let T: x-+x q.Let(r,n)=d,r=dr’,andn=dn’.(a)Ifyisany 
root of h( T)(x) - a, th en n divides deg Y. (b) Zf h( T)(x) - a factors into linear 
factors in some GF(qk), then r divi&s k. (c) The polynomial h(T)(x)- a 
factors into linear factors in GF(qp’). 
Proof. 
(a) Let degy = k, so that y E GF(qk) and y is not contained in any smaller 
field. Since h(T)(y) = a’, we have also (Y E GF( q k). But dega = n, and thus 
nlk. 
(b) Suppose h(T)(x) - a factors into linear factors in GF(q k). Then the set 
of roots of h(T)(x)-a in GF(qk) is a coset of kerh(T) in GF(qk), so that 
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h(T)(x) al so ac ors f t into linear factors in GF(q k). This implies that h(x)\x k 
- 1. Now the integer T was minimal with the property h (x)1x’ - 1, and thus 
x’- l(xk- 1, so that r(k. 
(c) Since r(nr’, we may define a polynomial k(x) by 
Clearly h ( SC) divides r “’ - 1, and n” - 1 divides x n’ - 1, since ~1 l~r’ and 12 1 nr’. 
Thus X” - 1 divides k(r). But now Q(x)lx’“- x and x4”-- xJk( T)(x), and by 
Theorem 4.1 of [5] (for a restatement see Theorem 3.2 of this paper), 
h(T)(x)- (Y ac ors into linear factors in GF(qpf). This completes the proof. f t 
n 
COROLLARY~.~. The integer N is equal to one of the integers nr’ or npr’. 
Proof. It follows from Theorem 3.1(a) and (b) that n and T must both 
divide N, i.e., nr’ divides N. On the other hand, Theorem 3.1(c) states that N 
divides pm’. Since p is prime, we must have either N= nr’ or N= pnr’. n 
COROLLARY 3.2. Zf h(T)(x)-a has a root in GF(q”f), then N=nr’. 
Proof Since h(T)(x) factors into linear factors in GF(q”‘), it follows that 
if h(T)(x) - (Y h as a root in GF(q”‘), then all its roots are in GF(qnf). n 
Before determining M and N in general, we shall require some notation. 
Since Q(r) is irreducible of degree n over GF( q), Q(x) belongs to some 
linear polynomial f( T)(x) E GF(q)[x]. The polynomialf(x) divides x”- 1, and 
n is the least integer with this property. 
Suppose the prime factorization of h(x) over GF(q) is given by 
h(x)= hl($. . . h,(x)““. (3.3) 
Then f(x) factors over GF(q) as follows: 
f(~)=h,(rf’...h,(rf”A(r) (fi>O,i=l,...,a), 
where (A(x), h(r))=l. 
(3.4 
If k is any integer, we write p(k)= j to mean pjlk and pi+‘k k. If 
p(n)=& thenx"- 1 has the factorization over GF(q) 
ix”-- l= [hl(r)a1.. - h,(x)a%(+)]P: (3.5) 
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where a,=0 or 1, i=1,2 ,..., a, and (B(x), h(x))=l. 
Let p(r) = s, so that over GF(9) we have 
X’-l=[h,(x)* *. ha(x)c(x)]p’, (3.6) 
where (C(x), h(x)) = 1. It follows from (3.2) and (3.3) that e, < p”, 
i=l,2,..., a, and since r was minimal, there must exist some 1, 1< j < a, 
such that ei > ps-‘. 
Theorem 4.1 of [5] gi ves a method for determining whether or not 
Q( h ( T)(x)) has a root in any field GF(9 K). We restate this theorem here for 
the convenience of the reader. 
THEOREM 3.2 [5, Theorem 4.11. Let K be any positive integer. Put 
d&)=(h(x), XK-l), and define the polynomial 4 (x) by 
xK-l=dK(x)JK(x). 
Then Q(V)(4) h_ us a root in GF(9K) if and only if Q(r)l~?~(T)(x), hence 
if and only if f(x)IdK(x). 
The following result shows the existence of the integer M satisfying (3.1) 
and gives the value of M. 
THEOREM 3.3. Let v be the least integer such that 
fi +min(qei,p”+P(n)) < p”+pCn) (i=1,2 ,..., u). (3.7) 
Then (a) h(T)(x)- (Y has a root in GF(q”P”), and (b) every root of h(T)(x) 
- (Y hots degree divisible by np”. Hence M = np”. 
Proof. 
(a) Put t = p(n). From (3.5) we have 
From (3.3) and (3.8) it is clear that 
(3.8) 
(3.9) 
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where zi =min(cu,ei,p*+‘). Put d(x)=(h(x),x”P”-I), and define the poly- 
nomial d(x) by 
d(x)d(x)=x”““-1. (3.10) 
Since fi B p”+*- min(ol,ei,p*+“), i = I,&. . .,a, by (3.7), it follows that E,(x)& 
divides d(x), i = 1,2,. . . , a. Also, since (A(x),h(x))=l, we have that A(x) 
divides z(x). Thus f(x) divides 6(x), and by Theorem 3.2 it follows that 
Q(h(T)(x)) has a root in GF(9”P”). This proves (a). 
(b) From Theorem 3.1(a) we know that the degree of any root of 
h(T)(x) - ar is divisible by n. Thus suppose h(T)(x) - OL has a root of degree 
nk. We shall show that p”lk. Put s=p(k), t=p(n). Then 
x nk- I= [ qx)@ . . h,(x)%(x)]P”’ 
where /3,-O or 1, i=l,2 
X”- l(Z”k- 
,..., a, and (h(x),D(r))=l. 
1, it is clear that lyi = 1 implies pi = 1, i = I, 2,, 
Put d(x)=(h(x),x”k- I). Then we must have 
d(x) = h&)dl. . . h,(x)“, 
Note that since 
.,a. 
(3.11) 
where zi=min(&ei,ps+*), i=l,2,...,a. Define the polynomial a(r) by 
d(@(x)=xnk-1. 
By assumption h(T)(x) - LY h_ as a root in GF(qnk), and so by Theorem 3.2 we 
must have that f(x) divides d(x). This, together with (3.11), implies that 
fi +min( &ei,ps+*) f p”+* (i=l,2 )...) u). (3.12) 
Now oi = 1 implies pj = 1, and also q = 0 implies fi = 0. Thus (3.12) implies 
fi+min(rYiei,pS+*) f p”+* (i=l,2 )...) a). (3.13) 
It is clear from the choice of 0 that u < s, i.e., u < p(k), so p”\k. This proves 
(b). H 
The next three theorems give more detailed information about the inte- 
gers M and N. In these theorems, u is defined as in Theorem 3.3. 
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THEOREM 3.4. Zfh(T)(x)-a h (IS a root in GF(q”), then v=O, M=n, 
and N=nr’. 
THEOREM 3.5. Zf h(T)(x)-a bus no root in GF(q”) and p(r)< p(n), 
then v=l, M=np, and N=npr’. 
THEOREM 3.6. Suppose that h(T)(x) - a has no root in GF(qI) and that 
p(r)>p(n). Then l<v< p(r)-p(n)+1 and M=np”. Zf v< p(r)-p(n), 
then N= nr’, while if v = p(r) - p(n) + 1, then N= npr’. 
Proof of Theorem 3.4. This result follows from Theorem 3.1(a) and 
Corollary 3.2. n 
Proof of Theorem 3.5. Clearly if h(T)(r) - (Y has no root in GF(q”), then 
v > 1. We show first that h(T)(x)- ~11 has a root in GF(q “p), from which it 
follows that v = 1 and M = np. From (3.5) and the assumption p(r) < p(n), 
we have 
and it is clear that we also have 
d(x) = (h(x),x”- 1). 
Define a polynomial d(x) by 
d(r)d(x) = x”P- - l=(xn- 1)(x”- l)? 
Since d(x)lr” - 1, we have xn- lid(x). But f(x)Ix”-- 1, and so f(x)ld(x). Now 
by Theorem 3.2, h(T)(x) - a h as a root in GF(q”P). By Corollary 3.1, the 
degree of anv root must divide npr’. On the other hand, we have M = np, so 
that np divides the degree of any root. Since p(r) < p(n), it follows that p k 
r’ and so np # nr’, whence h(T)(x) - (Y has no roots in GF (4”‘). Now 
N = npr’ by Corollary 3.1. This proves Theorem 3.5. n 
Proof of Theorem 3.6. As before, if h(T)(x)- a has no root in GF(q”), 
then v>l. Put s=p(r), t=p(n). Clearly we must have e,< p” and&< p’, 
i=l,2,..., a. By assumption s > t, and we have 
fi+min(criej,pf+“)< fi+cwiei 
G+e, 
< p*+pt 
<P 
t+cs-t+1) 
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for any integer v and all i = 1,2,. . . , a. But then the least integer v satisfying 
(3.7) must also satisfy v < s - t + 1, that is, u < p(r) - p(n) + 1. 
Suppose that u < p(r) - p(n). We shall show that h(T)(x) - a has a root in 
GF(q “‘), and then N = nr’ by Corollary 3.2. Since (r, n) = d, r = dr’, n = dn’, 
and p(r) > p(n), we have p(r’) = p(r) - p(n), and thus by hypothesis D 
< p(r’). That is, p”lr’ and now np”]nr’. But by Theorem 3.3, h(T)(x)- a has 
a root of degree np”, and hence a root in GF(q”‘). 
Now suppose v=p(r)-p(n)+l. As before, p(r’)=p(r)-p(n), but now 
v > p(r’), so that np” tnnr’. Thus h(T)(x) has no root in GF(q”‘), and SO by 
Corollary 3.1 we have N= npr’. This completes the proof of Theorem 3.6. 1 
4. GENERALIZATION FOR Q(x) AN IRREDUCIBLE OVER GF (q’) 
Suppose h(x) E GF(q)[x] and T: x-+x4. If a is any element of degree n 
over GF(q), we have shown in the preceding section how to find the root 
field of h(T)(r) - a, and by the methods of [5], it is possible to count the 
roots according to their degree over GF(q). 
Put 
n-1 
P(x)= JJ (x-cd) 
i=O 
By Theorem 2.2, P(x) is irreducible over GF(q). Now suppose that j is any 
positive integer, and define a polynomial Qi(x) E GF(q’)[x] by 
s-l 
Q(x)= II (x- aqf), 
i=O 
where s(n,j)=n. Then Qi(x) is an irreducible polynomial of degree s over 
GF(q’). Since 
s-l 
Qi(WW)= j~o(hiT)(r)-as’), 
it is clear that the factorization of Qi(h( T)(x)) over GF(qj) (or, indeed, over 
any field containing all the coefficients of Qi(h( T)(x))) depends only on the 
behavior of h(T)(x) - a. Formally, we have the following: 
THEOREM 4.1. Let h(x)E GF(q)[r] and T:x-+rq. Let Q(x) be irreduc- 
ible of degree n over GF(qi), i.e., 
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where the degree of (Y relative to GF( q’) is n. Then the degree of any root p 
of h(T)(x) - a relative to GF(qi) is a multiple of n, and the irreducible 
factors of Q(h(T)(x)) over GF( qi) can be obtained as a product of linear 
factors of the form x- ~9’ (i a positive integer). 
Proof. Relative to GF(q), degcu = ni. By Theorem 3.1 (a) the degree of 
any root of h(T)(x) - (Y relative to GF(q) must be divisible by nj. Thus each 
root ~1 has degree nt relative to GF(qi) for some positive integer t. (The 
possible values of t are found by using Theorem 3.4, 3.5, or 3.6 to determine 
the value of M and N.) As in the proof of Theorem 4.3 of [5], we find that 
generates an irreducible factor of Q( h ( T)(x)) over GF(qi) from the conju- 
gate roots of p appearing in h(T)(x) - a@, i = 0, 1, . . . , rz - 1. n 
It is convenient at this point to give a slight generalization of Theorem 
3.2. We emphasize that in Theorem 3.2 all polynomials have coefficients in 
GF(q), while in Theorem 4.2, Q(x) may have coefficients in GF(qj). 
THEOREM 4.2. Let h(x), T, and Q(x) be given as in Theorem 4.1. Let K 
be any positive integer, and let dK (x) = (h (x), xK - 1). Define the polynomial 
$(x) by xK-_ l=dK(x)&(x). Then Q(h(T)(x)) has a root in GF(qK) if and 
only if QW~(W). 
Proof. We regard GF(qK) as a vector space over GF(q). Then, as in the 
proof of Theorem 3.2, Q(x)] $ (T)(x) if and only if the T-invariant subspace 
of GF( qK) generated by any root of Q(x) is contained in ker & ( T) 
=ranged,(T)=rangeh(T). n 
For convenience we restate Corollary 4.1 and Definition 4.1 of [5]: 
THEOREM 4.3. With the hypotheses of Theorem 4.1, suppose that 
h(T)(x)-a has a root in GF(qK). Let the degree of $(x) be 1. Then the 
number of roots of h(T)(x)-a in GF(qK) is MK=ql. 
DEFINITION 4.1. If h(T)(x) - a has no roots in GF(qK), we define MK to 
be 0. 
We note that K must be of the form njK’ in order for Theorem 4.3 to be 
applied with the conditions of Theorem 4.1. Thus MK is the number of roots 
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of h(T)(x) - a having degree nit relative to GF(q), where t runs through the 
divisors of K ‘. Obviously these roots have degree nt relative to GF( q’), and 
we may now state the following analog of Theorem 4.3 of [5]: 
THEOREM 4.4. Let the hypotheses of Theorem 4.1 be given. For each 
integer t > 0, 2et R,, denote the number of roots of h(T)(x) - a of o?egree 
exactly njt relative to GF(q). Then 
R+= c P( +fnjt, tqt 
where p(j) is the Mijbius ~-function. Let Nnt denote the number of 
irreducible factors of Q( h( T)( x)) of degree nt over GF(q’). Then 
The following theorem is also of interest. 
THEOREM 4.5. Let h(x), T, Q( x , ) and K be given as in Theorem 4.2. Let 
P(x) be defined by 
nj-1 
P(r)= II (x-d’), 
i=O 
where ni is the degree of a over GF(q). Suppose that P(x) belongs to g(T)(x). 
Then the following are equivalent: 
(a) Q(h(T)(x)) has a root in GF(qK). 
(b) P(h(T_)(x)) has a root in GF(qK). 
(c) Q(~I~KOW). 
(4 W&(T)(x). 
(4 &)l&b). 
Proof. Since h (T)(x) - a is a factor of both Q(h(T)(x)) and P(h(T)(x)), 
(a)%@) is clear. To prove (c)*(d), let W = ker ;i;( (T) [regarding GF(qK) as a 
vector space over GF(q)], and let W,, W, be the T-invariant subspaces of 
GF(q “) generated by the roots of Q(x), P(x), respectively. Clearly W, = Ws. 
But (c) holds if and only if W, c W; (d) holds if and only if W, c W. Thus 
(c)w(d) follows. The equivalences (b)*(d) and (d)@(e) are given by 
Theorem 3.2. This completes the proof. n 
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It is natural to consider the factorization of Q( h ( T)( x)) over GF(9), 
where Q(x)~GF(q)[xl and h(x)EGF(qj)[x], j>l. In this case, however, 
h(T) may represent a general linear transformation of GF(9j) over GF(9). In 
particular h(T) need not commute with T, and the roots of h(T)(x) - a need 
not be conjugate to the roots of h(T)(x) - a q’, i > 1. Although some analogs 
of the results of Sets. 3 and 4 might be obtained, they appear to be far too 
general to describe concisely. 
5. THE FACTORIZATION OF Q(rP’- X) 
Let Q(X) be an irreducible of degree n over GF(q) = GF( pk) as described 
in Sec. 4. Long [4] has determined the factorization of Q(xp’- x) by 
describing explicitly all the linear factors in GF(qN), and the results are 
contained in Theorems 5.1 and 5.2 of [4]. The factorization depends on 
whether or not Q(x) divides the polynomial 
6-l 
P&dw= lx xp* 
i=o 
where d = (r, kn) and kn = &. We now show how the methods of Sec. 4 can 
be used to obtain these same results. 
Since the coefficients of xP’- x are in GF( p), we can write 
QbP’-4= Q(W)(x)), h w ere T:x+xP and h(x)= x’- 1. In other words, 
we are considering the case 9 = p, j= k in Sec. 4. In Theorem 4.2, put 
K = kn. Then 
and 
S-l 
xk”-1=(&-l) ( ) 2 xdf , j-0 
so that c&(T)(x)=p,,,(x). Thus the divisibility condition Q(r)]~~,~(x) is the 
same as the condition Q(x)l&(T)(x) of Theorem 4.2, i.e., Q(h(T)(r)) has a 
root in GF( ph) if and only if Q(x)]P~,~(x). 
Case I ([4, Theorem 5.11). Suppose that Q(x)]Ps,d(x). Then Theorem 3.4 
applies, and M = n and N = nr’. Thus every root of h(T)(x) - a has degree nt 
relative to GF( pk) [or degree knt relative to GF( p)] for some tlr’. We may 
now use Theorem 4.3 to count the number of roots of h(T)(x) - a of degree 
knt relative to GF( p). Then we apply Theorem 4.4 to count the number of 
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irreducible factors of Q( h (T)(x)) of d e g ree nt relative to GF( pk). (For an 
analogous computation see Sec. 6 of [5].) 
Case II ([4, Theorem 5.21). If Q(x) #P~,~(x), then Theorem 3.5 or 
Theorem 3.6 applies. We use the notation of Sec. 3. Let r’ = p”‘Z,p 4 1. If 
p(r)< p(n)thenm=O,andwehaveM=np”+‘andN=np”+’Z. Ifp(r)=e 
>p(n)=a, we shall show that v=p(r)-p(n)+l=m+l, so that again 
M=npm~‘andN=np”~‘Z.Forifr=per,,thenh(x)=x’-l=(x’~-l)~“,~~ 
that all the irreducible factors of h(x) occur to the p”th power. Hence 
we find that fi+p”< p”+” implies o = e - a + 1, since fi > 0. Thus when 
Q(x) k PG.&), th e d g e rees relative to GF( p) of the roots of Q( h( I”)( x)) are 
P m+‘knt, tJ1. We may again use Theorems 4.3 and 4.4 to give an explicit 
count of the irreducible factors of Q( h ( T)( x)) of degree p"+ 'nt over 
GF( pk). 
6. THE SUBSTITUTION h(T)(x) = F,(T)(x), WHERE F,(x) 
IS THE rth CYCLOTOMIC POLYNOMIAL 
By definition, the rth cyclotomic polynomial F,(x) is 
F,(x)=(x-51)...(~--5,), (6.1) 
where li,. . . , l,,, are the distinct primitive rth roots of unity. Clearly the 
exponent of F,(x) is r. Furthermore, since GF(q) has characteristic p, the 
( p”r)th roots of unity are also rth roots of unity. So we may assume without 
loss of generality throughout this section that p ,f r. We note also that 
x”-l= n F&). (6.2) 
din 
For counting the number of irreducible factors in the factorization of 
Q( F,( T)(x)), we require the following lemma: 
LEMMA 6.1. Let F,.(x) be the rth cyclotomic polynomial. Then 
(F,(x),+1)= F,(x) if& 
1 if rkn 
Proof. Since F,(x)](x’-l), it is clear that if r(n, then (F,(x),x”-1) 
= F,(x). If r ,j’ n then r .j’ d for any divisor d of n, and it follows from (6.2) 
that F,(x) and xn - 1 have no nontrivial common factors. n 
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THEOREM 6.1. Let Q(x) b e an irreducible polynomial of degree n over 
GF(q) = GF( p k). Let F,(x) be the rth cyclotomic polynomial, where p ,j’ T, 
and_& deg F,(x) = m. Let d=(r,n) and r-d+. Let d(x)=(F,(x),x”-1), and 
bt d(x) be defined by x”- 1= d(x)d(x). Let T: x+x9. T&n if Q(x)ld( T)(x), 
Q( F,( T)(x)) i.s the product over GF(q) of one irreducible of okgree n and 
( qm - 1)/r’ irreducibks of degree nr’. 
Proof. Let Q(x) have the factorization 
n-1 
in GF(q”). Then 
Q(x) = ,vo lx- a9’) 
n-l 
Q(F,(T)(x)) = D (F,(T)(x) - a9’). 
i=O 
We recall that the roots of F,.(T)(x) - (YQ’, i = 1,2,. . . , n - 1, are conjugates of 
the roots of F,(T)(x) - a, so that we need only consider the factorization of 
F,(T)(x)-a. By Theorem 3.2, Q(x)ld(T)(x) implies that F,(T)(x)-a has a 
root in GF(q”), and by Theorem 3.4 the root field is GF(q”‘). 
We count the irreducible factors of F,(T)(x) - a using Theorem 4.3. Note 
first that by Lemma 6.1, (F,(x),x”~-l)=l for tlr’ if t<r’, and that 
(F,(x),x”‘- 1) = F,(x). By Th eorem 4.3 the number M,, of roots of degree 
dividing nt is 1 for t(r’, t < r’, while M,, = qm. Thus F,.(T)(x) - (Y has one root 
of degree n, and the remaining roots have degree nr’ over GF(q). Now we 
combine the conjugate roots from the n factors F,(T)(x) - a9’, i =O, 1,. . . , 
n- 1, to form irreducible factors of Q(F,( T)(x)) over GF(q). We have 
nM,/n = M,, = 1 irreducible factor of degree n, and n(M,, - l)/nr’ = (q”‘- 
1)/r’ irreducible factors of degree nr’. n 
COROLLARY 6.1. Zf rln in Theorem 6.1, then all irreducible factors of 
Q(F,(T)(x)) have degree n, and their number is 4”‘. 
Proof Since rln, r’ = 1 in Theorem 6.1. n 
COROLLARY 6.2. Zf r$ n, the condition Q(x)ld(T)(x) is always satisfied, 
and the factorization of Q(F,( T)(x)) is given by Theorem 6.1. 
Proof. By Lemma6.1, rlfn implies that (F,(x),%“-l)=l. Thus d(T)(x) 
=x9”- x. Since Q(x) factors in GF(q”), Q(x)lxQ”- x. n 
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THEOREM 6.2. With the notation of Theorem 6.1, if rln and 
Q$i’,d(T)(x~~ then Q(W)(d) is the product over GF(9) = GF( pk) of 
arreducables of degree pn. 
Proof. By Theorem 3.2, Q( F,( T)( x)) has no roots in GF( 9 “). Since p ,/’ r, 
p(r) C; p(n) and the minimal field in which roots occur is GF( 9p) by 
Theorem 3.5. Since r(n, T’ = 1 and the root field is also GF(9P”). Thus all the 
iFdp!Fle factors have degree pn, and their number is given by nq”/np 
P * n 
EXAMPLE 6.1. This example illustrates Corollary 6.1. Let Q(X) = x4 + 
x2 + 2, an irreducible of degree 4 over GF(3). Let F,(x) = F,(x) = x + 1. Here 
m = 1, n = 4, T = 2, r’ = 1, 9 = p = 3, and T: x-+x3. We find that Q(x) divides 
8(T)(x) = x2’ - x9+ x3- x. Corollary 6.1 predicts three irreducible factors of 
degree 4 in the factorization of Q(F,( T)( x)). We have Q(F,( T)( x)) = xl2 + 
x’0+2xs+X2+2=(X4+X2+X+l)(r4+xs+2r+1)(x4+2xs+2). 
EXAMPLE 6.2. This example illustrates Corollary 6.2. Let Q(X) = x2+ x+ 
2, an irreducible of degree 2 over GF(3). Let F,(X) = F4(x) = x2 + 1, Here 
m = 1, n = 2, r = 4, r’ = 2, 9 = p = 3, k = 1, and T: x+x3. Corollary 6.2 predicts 
one irreducible factor of degree 2 and four irreducible factors of degree 4 in 
the factorization of Q(F4(T)(x)). We have Q(F4(T)(x))=x1’+2x1’+x9+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+1)(x4+x3+2). 
EXAMPLE 6.3. This example illustrates Theorem 6.2. Let Q(x) = x3+ x+ 
1, an irreducible of degree 3 over GF(2). Let F,(x) = F3(x) = x2+x + 1. Here 
m=2, n=3, r=3,9=p=3, k=l, and T:x+x2. We find that Q(x) does not 
divide d(T)(x) = x2 - x. Theorem 6.3 predicts 2 irreducible factors of degree 
6 in the factorization of Q( F3( T)(x)). We have 
7. THE SUBSTITUTION h(T)(x), WHERE 
h(x)=x’-1+x’-2+... +l 
This substitution is of interest because h(T)(x) is the trace function of 
GF(9’) over GF(9). 
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We first note that the exponent of h(x) = (xr - 1)/(x - 1) is at most r. If 
the exponent of h(x) is less than r, then it must be T - 1, since the degree of 
h(x) is T - 1. This latter situation can occur only if 
x’-1 - =xr-l 
X-l 
-1 (7.1) 
for all x in GF( p k). If p > 2, this condition can never hold identically, since 
for x = 0, (7.1) becomes 1 = - 1. Thus the field must have characteristic p = 2. 
Clearly T = 2 is the only value for which (7.1) is an identity over GF(2k). We 
observe that the methods of Sec. 5 treat this special case where h(x) has the 
form xrP1- 1. (For a detailed discussion, see [3].) 
In view of the preceding remarks, we assume that the exponent of h(x) is 
r throughout this section. We again adopt the notation of Sec. 3. In 
particular, for LY a root of Q(x) in GF(q”), we let MK denote the number of 
roots of h(T)(x) - (Y of degree dividing K [over GF(q)], RK denote the 
number of roots of h(T)(x) - a of degree exactly K, and NK denote the 
number of irreducible factors of Q( h ( T)(x)) of degree K over GF(q). We 
note again that the numbers and degrees of the factors of h(T)(x) - a are the 
same for the conjugate factors h(T)(x) - a q’, i = 1,2,. . . , n - 1. 
LEMMA~.~. Leth(x)=x’-‘+r’-2+... +1=(x7-1)/(x-l).Letd,(x) 
=(h(r),xK- 1) and bt d=(r,K). Then 
dK(X) = 
i 
(xd- 1)/(x- 1) if&) < p(K), 
xd- 1 if P(T) > P(K) . 
(7.2) 
Proof. Let p(r) = e and p(K)= t. Then we may write r=p”r,,p Jr,, K 
=p’K,, p j’K,, and d=min(pe,p’)*d,, where d,=(r,,K,). Thus 
d&)=gcd ‘“‘:I;‘p6, (~~1-1)~’ 
I 
(~dL-l)P= _ rd-1 
= x-l 
ifp”< p’ 
x-l 
(X4-l)P’=xd-l ifpe>pt 
(7.3) 
THEOREM 7.1. Let Q(x) be an irreducible polynomial of degree n over 
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GF(q). Let h(r)=~‘-~+x’-~+-** + 1 have exponent r, and let d = (r, n) 
and r=dr’. Let d(r)=(h(x),r”- 1) and let d(x) be defined by xn - 1 = 
d(r)d(x). Let T: x+x4. Then ifQ(x)l6(T)(x), Q(h(T)(x)) is the product over 
GF(q) of irreducibles of okgree nt, tlr’. For each tlr’, we have 
Proof. Since M,,, = qdegL*(“), where degd,,(x) is determined by Lemma 
7.1, this theorem is merely a combination of the statements of Theorems 3.4 
and 4.4. n 
In general it does not seem helpful to try to describe the count further in 
Theorem 7.1, since the form of dK(x), where K = nt, can alternate as t runs 
through the divisors of r’. However, if p(r) < p(n), a useful counting formula 
can be given: 
COROLLARY 7.1. Assume the hypotheses of Theorem 7.1, and let p(r) 
< p(n). Then for each tlr’, the number of irreducible factors of degree nt is 
N(t&?lt+ 
Proof. Since p(r) < p(n), it follows that p(r) < p(nt) for each tlr’. By 
Lemma 7.1, each d,,(x)=(@-1)/(x-l), and thus degd,,,(x)=dt-1. Con- 
sider the roots of h(T)(r) - a of degree dividing nt. By Theorem 4.4 we have 
%t= 2 P( +nt. tqt 
= w tqt IL $ 9dt’-1 
Considering alI of the conjugate factors h(T)(x) - (YQ’, i = 0, 1, , . . ,n - 1, we 
have Nnt=n&/nt= N(t,qd)/tq. n 
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EXAMPLE 7.1. This example illustrates Theorem 7.1. Let Q(x) = x3 + x + 
1, an irreducible over GF(2). Let h(x)=(r4-1)/(x-1). Here n=3, q=2, 
~=4, d=l, and r’=4. Note also that p(r)>p(n). Let T:x+x’. We find Q(x) 
divides 8( T)(x) = x4 + x2 + x, and Theorem 7.1 predicts irreducibles of degree 
3, 6, and 12. We find from Lemma 7.1 that 
since p(4) > p(3), 
since p(4) > p(6), 
(j12(X) = ( 2 ,x12- 1) = kg = (x- q3, since p (4) = p (12). 
Thus in the count of Theorem 7.1, we have M3=21, MB=22, M,2=23, and 
hence R, = 2, R, = M, - R, = 2, R,, = M,, - (R, + R,) = 4. We expect two 
irreducible factors of degree 3, one of degree 6, and one of degree 12. By 
direct computation we have 
EXAMPLE 7.2. This example illustrates Corokuy 7.1. Let Q(x) = r + 1, an 
irreducible over GF(5), and let h(x)=(r2- 1)/(x- 1). Here n= 1, q =5, 
r=2, d=l, and r’=2. Note also that ~(r)=p(n). Let T:x+x5. Then 
Corollary 7.1 predicts irreducible factors of degree 1 and 2. The number of 
degree 1 is N( 1,5)/5 = 1, and the number of factors of degree 2 is N(2,5)/10 
=2. By direct computation we have 
Q(r5+r)=x5+r+1 
=(x+3)(x2+x+1)(x2+x+2). 
THEOREM 7.2. With the notation of Theorem 7.1 and the hypothesis 
Q(x) td( T)(x), one of the following mutually exclusive cases will occur: 
Case I. Zf p(r) < p(n), Theorem 3.5 applies and Q(h( T)(x)) factors into 
irreducibles over GF(q)=GF( pk) of degree npt, tlr’. For each tlr’, the 
number of irreducible factors is N(t,qd)/pk+k 
Case II. Zf p(r)>p(n), then r’=pePtr”, p XT”. Theorem 3.6 applies and 
the possible values for v are e - t + 1 and e - t. In either case, Q( h( T)( x)) is 
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the product ouer GF(q) f o irreducible factors of &gree np”1, 1 Ir”. For each 
ZJr”, a count can be obtained by the method of Theorem 7.1. 
Proof. The count of Case I is obtained by using Lemma 7.1. Since 
p(r) ( p(n), d,,,(r) = (xd’- 1)/(x-l) for each t(r’, and as in the proof of 
Corollary 7.1, R+=N(t,qd)/q. We have N,,=n~~,/npt=N(t,qd)/pqt 
= N(t.qd)/pk+t. 
For Case II, the two possible values of u are determined as follows: Let 
p(r)=e, p(n)=t. S ince Q(x)J6(T)(x), f(x) YJ(ix). Let x"-l=f(x)f*(x). 
menf(x)fc(x)=d(x)d( ), d x an since f(x) y d(x), d(x) and f(x) have at least 
one nontrivial common factor. Using the notation of Theorem 3.3, let fi >0 
be the maximum exponent occurring in the powers of the nontrivial common 
factors of d(x) and f(x). S ince these common factors also divide X” - 1, q = 1 
in the condition of Theorem 3.3. Since fi>O, fi+min(aiei,p”+t)< P”+~ if 
and only if 
(7.5) 
Now XI- 1 = (xrl- l)P’, where p 8 rl; hence xrl - 1 has no repeated factors. 
If we let h,(x),...,h,(x) denote th e irreducible factors of ~‘1 - 1, we have 
h(x) = hl(x)P’-lhZ(x)P*. + - h&P’, where h,(x) = x - 1. Thus the maximum 
value of e, is p”. 
If,forsomei,ei=p”in(7.5),thenu=e-t+1,sincefi>O.Ifei=p”-1, 
then u=e--t+l if fi>l and u= e - t if fi = 1. Finally, note that for 
u=e- t+l, pnr’=pnp”-‘r”=p”nr”, while for u=e- t, nr’=np”-‘r” 
= p “nr”. Hence the degrees of the irreducible factors of Q( h ( T)( x)) are 
determined by the divisors of r” for either value of u. n 
EXAMPLE 7.3. This example illustrates Case I of Theorem 7.2. Let 
Q(x)=r”+l, an irreducible over GF(3), and let h(x)=x+l. Here n=2, 
9=3, r=2, d=2, r’=l, and T:r-+x3. Note that p(r)=p(n) and d(x)=x-1. 
Since Q(x) y z( T)(x), C ase I predicts N(1,32)/32= 1 irreducible of degree 
pn=6. We find that Q(h(T)(x))= x6+2x4 + # + 1, an irreducible of degree 
6 over GF(3). 
EXAMPLE 7.4. This example illustrates Case II of Theorem 7.2 with 
u = e - t. Let Q(x) = x + 1, an irreducible over GF(2), and let h(r) = x3 + x2 + 
r+l. Here n-l, 9 =2, r=4, d=l, r’=4, r”=l, and T:x+r2. Note that 
p(r)=e=2andp(n)=t=O.Wemaywriteh(x)=(x-1)3,sothate,=p”-1 
-3. Since f(x)=x-1. we have fi -1. Thus u=e--t=2, and Case II 
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predicts two irreducible factors of degree p”nr” =4. We find that 
Q(h(T)(x))=(~~+~~+l)(r~+x~+x~+x+l). 
EXAMPLE 7.5. This example illustrates Case II of Theorem 7.2 with 
o = e - t + 1. Let Q(X) = x2 + x + 1, an irreducible over GF(2), and let h(x) 
=x3+x2+x+1. Here n=2, 9=2, r=4, d=2, r’=2, r”=l, and T:x+x2. 
Note that p(r)=e=2 audp(n)=t=l. We may write h(x)=(x-1)3, so that 
e,=p”-1=3. Since f(x)=(x-1)2, we have fi=2. Thus u=e-t+l=2, 
and Case II predicts two irreducible factors of degree p%r” =8. We find 
that Q(h(T)(x))=( xs+~~+,~+~~+l)(~s+x~+~s+x~+~~+x+l). 
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